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APPENDIX

REFERENCE DATA
AND TABLES

A.1 GLOSSARY OF NOTATION

The following symbols have been used throughout the book and are
collected here for ease of reference. Whenever possible, standard usage has
been adhered to.

(1) B,. The nth Bernoulli number, defined in terms of the coefficients of
the power series expansion of

Z
e —1

(2) B,(z). The nth Bernoulli polynomial, defined as the coefficient of
t"/n! in the power series expansion of re*/(e” —1)

=1-1z+ % (—1)""'B,z3"/2n)!
1

(3) C1,(0). The generalized Clausen function. If n is even,

clL @)= 5-’%’—‘3 if n is odd, Cl,(0)= 3 “:ﬂs,fe
1 1

xlog" | x| (cos a+ x) dx
1+2xcos a+ x?

, Kummer’s function related to

@ D(x,)= [
ReA”(xef“)

x n—1 = dx
(3) E (x; a)ﬂf los™ [xismo , Kummer’s function related to
= Jo 1+2xcosa+x?
Im A, (xe')

(6) E,, the nth Euler number, defined in terms of the coefficients of the
o0
power series expansion of secz=1+ b5 Erzz’/ @2r)

(7) G. Catalan’s constant, = LY. + L

F 3" .8
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(8) Gl (6‘) The assomated Clausen function. If n is even,

sai smrﬂ
Gl (0)= 2 coST0 . if nis odd, G1,(0)= 2
1
(9) y. Euler’s constant, = lim [(1 4340+ ;)—log n]

(10) i=V — 1
(11) Im=imaginary part of

(12) L(x). Newman’s function, —J; Nt

uses of L also occur.) .

[ : X _X X ...=—Li(—x
(13) L(1+x). Spence’s function, = 37 ~ 5& + 3 i(—x) )
(14) log(x). The Napierian logarithm (only logarithms to base e are used)

(15) log"(x)=[log(x)I"-
(16) Li,(x). 1he polyloganthm of order n,

X X --—f Li,_(x)dx/x

Pty Ty
(17) Li(r,0)= ReLi (re " - -
(18) Ls,(#). The log-sine integral of order n, = —-f log" '|2sin 5 0| d6

(19) Lss(8, ). The extended log—sme integral of the third order of argu-
ment @ and parameter a, = — f log|2sin § 0]log|2 sin(3 0+ 3 )| df

(20) Ls{™(#). The generalized log-sine integral, of order n and index m,
=—-f38'"log"”'""|23in%81d9

: xlog" '] x|
(21) A,(x). Kummer’s function, =J; o s dx
22) [x]=the integral part of x ‘
523% EI’(]x). The logarithmic derivative of the Gamma-function,
=T"(x)/T(x)
(24) Re=real part of

(25) sgn(y)=+ify is positive, —if y is negative , ;

R

WD
(26) Ti,(»)- The inverse tangent integral of order n, = T
- [Tl Th0)= [ an )y

(27) le( y,a). The generahzed inverse tangent integral of order 2,
= J‘P tan™
+a :
(28) Ti ( y fz’) The generalued inverse tangent integral of order n,

Tln—-l(}) Tln i(yta) Tln l(y,a)]dy
_f[ y+a y y+a

log(x) 4o —Li,(1—x) (4d hoe
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W

5

(29) x,.(x). Legendre’s chi-function of order n, = li + ';— + %; + -
(30) {(s). Riemann’s zeta-function, = >, n~*
1
(31) {(s, a). The generalized Riemann zeta-function, = Y, (n+a) ~*
0

A.2. LIST OF SELECTED FORMULAS

The following list of formulas is selected from the results given earlier in
the book, or from the literature in the case of a few equations whose
derivation is so close to that of those already given that further analysis
should be unnecessary. In order to keep the list reasonably short, refer-
ences are made when appropriate to the relevant sections for further
equations similar to those quoted. In general the results are given ap-
proximately in the order in which they occur, chapter by chapter.

A.2.1. The Dilogarithm

. e *log(l—z) _ =x x* -2 =
€)) le(x)——fo e dz -13+ 32 +?+---when %S 1
) Liy(1)=7?/6
3) Liy(-D)=—-7%/12
@) Li,(3)=72/12—;10g?(2)
Further numerical relations are given in Section 1.4.
(5) Liy(—x)+Liy(—1/x)=—-7?/6—1log’(x), x>0
(6) Liy(x)+Liy(1/x)=7n?/3—3log?(x)—imlogx, x>1
(7 Liy(x)+Li,(1—x)=n?/6—log xlog(1—x)

(8) Liz(x)+Li2(—ﬁ)= —llog¥(l-x), x<I

) Liy(0)+Liy (25 ) =472 %logZ(x~1)+mlog( '), x>1
x—1 x2
(10) Liz(—x)-Li,_(l-—x)+%Liz(l/x2)=!ogxlog(£;l—), x>1
(11) Liz(l—x)—Liz(l/x)=%logxlog[( 2 7 ]—w2/6, x>1
x—1

(12) Ll( ) Li(—x)m ﬂz/ﬁrllog(l+x)log(]+x), x>0
(13) Liy(x)+Liy(—x)= -le(xz)

2
i 2 5 e L —X 1 2 I+x
(14) le(l”f" )+L1 (m)_iLll(l_xz)__zlog (}_x),
—1<x<1
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1
(15) Li;Gx~% )+2L12( ) —2Li(x)=7%/6-log’2—x), x<I
Further relations of this nature are gz in Section 1.5.

(16) Liz(-lé;-l—{;)=Li (1 y)+L12(T——) Li,(x)—Liy(»)
—log(1—x)log(1—y) (Abel)

y(l*x)]

P x(1=y) .
17 Liz(xy)—_»Liz(x)—l-Liz(y)—Lll[-g—_—xyd]—-hz[ =

-—log( 11 )1 g( 1‘3{; ) (Hill)

y(1—x)
x(1=y)

+log xlog(—i{%) (Schaeffer)

2 -
(19) Li, [i((l;y—;;}=u2[— x(ll*;’) ]+Li2
~y
==

X
x (1
-!—le{ (

(18) Li, [ ]=Liz(x)—Li2(}’)+Liz()’/x)+Li2("1‘__—;)_ =

i =y} ]
y(1—x)

)}+L (ri) +1llog2(y)  (Kummer)
) X

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li,(x)+2Li,(y)+2Liy(2)= =Li,(—xy/z)+Liy(—yz/x)+
Li,(—zx/y), where 1/x+1/y+1/z=1 (Newman)

(21) 2Liy(xy)+2Liy(yz)+2Liy(zx)= Li,(—x?)+Liy(—y 2y +Li,(—2z?%),
where x+y+z—xyz=0

(22) Liz(y)='n'2/6+2 3 [Liy(xA ) —Lis(A, /AL where the x, are
11

N
the roots of the equation MHa-a,x)=1-y
. 1

x d. : ;
@) xs0=1 [ g5 ) 5 =3 Lia(0) = 3 Lia(=)
3 5
sl gl o e o]

7.3 8
L W l+x)logx
@) xs()+xa (o) =/ + el 7=
@5) x:()=7"/8
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Other numerical relations for x,(x) are given in Section 1.8.
(26) x,(e "2+ x,(itan@)==2/8 +iflog(itan)

2 B 3 B 5
(27) Liy(e *)=n>/6+(zlogz—z)~ - L 512
|z|<2m

PR ERTIY L7 T R

A.2.2. The Inverse Tangent Integral of Second Order

‘ ” tan”y y .y
= = —_ ——— =
M To=[ L pe Lt L when |y 5 1
(2) Ti,(1)=G=0.9159655942

(3) Tiy(tanw/12)=Ti,(2—/3)=2G/3+(w/12)logtan(w/12)
Other results of a similar nature will be found in Sections 2.5 and 2.6.
(4) Tiy(»)~Tiy(1/y)=sgn(y)75 loglyl, real
i | Y2 —9) . ( y )
5> Ti, [ 2(0=y) }+T12 5

e (o 12),

—l<y<l (Spence)

y(2+y)

DL e |
(35) Tiy(3 y°)+5Ti, 21+y)

An extension of the range in y is given in Section 2.3.
(6) 2Tiy(3)+Ti,(3) + 1 Ti,(3)=3G -} wlog2
(7) 1 Ti,(tan36)="Ti,(tan )+ Ti, [tan(—— va)] = 2 [tan(% +9)]

6
7 [ tan[(7/6)+0]
"6 "’g[ tan[ (7/6)—0] ]

—m/6<0<7/6
8) Soii +l le[tan(2n+lﬂ)]—T12(tan8)
: 2r—1la A 2r—lor
_ngz [tan(m+9)]+$le tan(m —8)}

2r—Ilw '
B tan| ———— +4 ; :
g 2(2n+1) 1 1

2n+12(2r-—1)10g {Zr—lﬂ },—2“1 5

. 2(2n+1)
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1
(15) Li,(2x—x )+2Lzz(2 ) 2Liy(x)=m 7?/6—log*(2—x), x<1
Further relations of this nature are gz in Section 1:5:

(16) Liz(_l—x_n;-_l%;) le(l y)+L12(Ty—£)—Li2(x)—Liz(y)

—log(1—x)log(1—y) (Abel)

‘ 1~ . | y(1=x)
(17) Liy(xp)=Liy(x)+Liy(»)—Li, ["fr Y) ]—le [}’—Et—x%—}

xy
T—x 1= >
- log( i ) IOg(T:—_xj;) (Hill)
o 2 —2) L :ﬁ)_ﬁ
(18) Li, (1) =Li,(x)—Liy(y)+Li(y/x)+1i:\ T3 3

+log x log( 11 i; ) (Schaeffer)

1-y) | _1; & P W el
19 Liztx: __i;z}:le{—x(l—j ]+le[—m]

1
e [y El");)) l le( 1- )+ log*(y)  (Kummer)

Other relations of a similar nature will be found in Sections 1.5 and
8.3.1, where ranges of validity are discussed.

(20) 2Li,(x)+2Liy(y)+2Liy(z)=Liy(— xy/z)+Liy(—yz/x)+
Li,(—zx/y), where 1/x+1/y+ 1/z=1 (Newman)
(21) 2L12(xy)+2L12(yz)+2L12(zx) =Liy(—x 2y+Liy(—y 2)+Liy(—z o

where x+y+z—xyz=0
N N

(22) Liy(y)=7/6+ 2 2 [Liy(x,A,)—Lix(A, /A,)) where the x,, are
] (SR |
N

the roots of the equation H(l —A,x)=1—y

_ fit o
23) xz(x)=—f log(l i);‘ 1 Liy(x)— L Liy(—x)

3 5
_____X_+£C__+_x__+___|x1<l
P 8
1—
) xa(0)+xs (1 | =/8+ Hog( 15 o

(25) xo()=7"/8
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Other numerical relations for x,(x) are given in Section 1.8.
(26) x (e %)+ x,(itanf)==>/8 +iflog(itan 9)
2 B Bz

B e St A T
(27) Liy(e *)=n"/6+(zlogz—2) t2321 asa T
|z| <27

A.2.2. The Inverse Tangent Integral of Second Order

t 5
(1) Tiy(y)= f an ydy—y §2+52—---when|}’|él
@) Ti,(1)=G= 0.9159655942
() Ti,(tanm/12)=Ti,2—/3)=2G/3+(n/12)logtan(r/12)

Other results of a similar nature will be found in Sections 2.5 and 2.6.

(@) Tiy(y)~Tis(1/y)=sgn(y) logly|,  y real

-4 3572 |+ ()

le(zyy)+T1?_(l y)+T12( -:-y) 2G+410g(l—y)

—-1<y<l (Spence)

L SO y(2+y)
(5) TGy )+2T12[2(1+y)

An extension of the range in y is given in Section 2.3.

(6) 2Ti,(3)+Ti,(3)+3 Tiy(3)=3G—; wlog2
(7) 1 Ti,(tan30)=Ti,(tan8)+Ti, [tan(— me)]—Tiz [tan(% +o)]

6
7 tan[ (7/6)+8]
+”‘°g[ tan (7/6)— 0] }

(8) ey +l ——— Ti,[tanZn+ 10)]=Ti,(tan#®)
: 2r—1=w - Ir— 1o
2T — 44 i sEh L o
; 'z[lan(z(znﬂ) )+$le[[&“(2(2n+1) 9”
tan ol +4
L 22n+1) 3 1a

2n+l < N T 2n1 S Zn
n - —
2(2n+1)

—w/6<0<7/6
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| aaenew) | | 40o2Cy) ]

@ rlz[(2~yz)(2+4y+y’*) § l:"[(il—y’)(2~4y+y’!)

+2Ti2(,2+_"fi’i)’_z)_2ﬂ2(i—_4&%ﬁ]+4“2(_iw]
2 2=

; : 2y
+4Ti, (32 —4Tis(1+2) +4Ti0 ~y)_sT12(2*y2)

2 e
=1l g(m)wlog(u), _2=vD) <<=V
? 2—4y+y? 1+y
] 2
4y(1+y)2+y) +2Ti2(2+4y+2y )+4Ti2(21y)
(2-r2)2+4y+»?) | 2—y

2
) _if oy - f 2 ayt +Ti(4y )
_4T12(1+y)—41'12(2ry2)+2T12(——-—2+y2) 2\ 3t

; >
=3 mlog —-Ei‘}—y—t)—;——l ,  —2+2<y<v2
2+y)(1+y) |

An extension of the range in y is given in Section 2.7.

(11) Ti,(7/24)+2Tix(1/7)+6Tiy(1/3) ~8Tiy(1/2)+Tiy3/4)
+17log(3/2)=0

(10) Ti,

- ; 1-y)

Aoy e | @y | oo | By 1 af ]

o ZT‘z(l—yZ)‘T"* =) | 2| @y |7 1rady
| a(l4+y) i 2ya )+1Ti( 2ya )
_le[ l-azy +2T12(l—y2a2 5 Ty —————az_yz

dya(l—a?y? ; dya(a® —y?)
+}Ti2[ gl oy ) 1+§le[__——~———r

(1-y2)(1—-a'y?) (1=y2)(a* —»?)

_lgr_:_x;__)} e Bt

877 (o ~y)(1+e%)
M+ [ M .
(13) cos’(3 M) Tiy(y)= > [ S Tiy(@,,x,)—Tiy(x,) |, where the x,
ne=1 m=1
x+y _ S x—S3xd 4+

are the roots of and S, is the sum of

1y  1-S,x?+8x*— -
the products of the a,, taken r at a time :

- X,y : i

i i n =T + > Tiy(x,),

9 3 [le( = )+T;2( fF )} FORDRECH

where xo =x;, A=3(S+V 82 —4P), S=x,+x; +x;3+), 1
P=x,X,X,y, and tan~ I(x,)+tan”'(x,)+tan"'(x;) +tan" (y)=0
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The range of validity of the above two formulae is discussed in Section
2.8.

- I—z+%wz
(1s) T, | e | A5, +2Tiy(L wz)+Tiy(1—w)

= S NENRLACTEY

2(1~- 1—(1—w)iwz 1—(1—2)iwz
= Ty 1) +Ti, m1)2 55, 1= -a)e
2(2-z) 1—w+iwz 1—z+ lwz

~ w(l—z+3wz) }—Tiz {_ z(1—w+3wz) }

—Ti,
2—w+%wzz 2

2—z+ 3wz

LT - 2(1_]_“’%"”2)(1—”"1'%“'2)

Sl

P w(@—w dwiz)(1- 2+ )
: z(l—m%wz)(l—z+—éwz)‘

E=0 L
e z(2—z+%wzz)(1-w+%wz)

= 2Ti2(l)+‘i‘75g11(w--z)10g { —

7 { w232(1—z+§wz)(l—w+%wz) ]
——log

2-w)2—z)(2~w+ iwz)(2—z+ lwz?)

w(l —z+ %zw)

The range of validity of this formula is discussed in Section 2.8.5.

A.2.3. The Generalized Inverse Tangent Integral of Second Order
: x tan~'(x
(1) Tig(x,a)= B2

x+a

(2) Tiy(x,0x=Ti,(x)

3) Tiz(x! 00)=0

() Tiy(—x,a)= —Tiy(x, —a)

0 _ta"_!(x) | a+x
O g Waleddm [log( +x)

— 3 log(1+x? )+atan” '(x)]
(6) Tiy(x,a)—Tiy(a, x)=Tiy(x)—Ti,(a)+tan"'(a)log

x(l+a2)'/2l

a+x

a(1+x2)'/2J

el
tan (x)log[ o
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; . (l—a . . 2a
) le(l,a)=%T12( l+a)—%T12(a)—%T12( : az)

2 1—a*
+1 G+tan“'(a)log( y )——%log[ a4}
: i ey 1+a?
(8) Tiy(1/a,a)=3tan" '(1/a)log "
. (l—a . (1—a ; 2a 1
(9)Tiz(——l+a,a)=%T12(——l+a)—%T12(a) '1"12(1 a2)+EG

. 2a’ T 1+a
-+ % tan '(a)iog(r-‘_-;;) + § log(l—-_—;l—z)

(10) lim Ti,(a—e, —a)=tan"'(a)log|e/a|+Tiy(a)
-0

—~—log(i+a ytan™'(a)
(1) lim Ti,(x,a)= z-arlogx—-wlog(lJra?') le(a)+tan_'(a)log|a|

2x 2y Yoo fXEY x+y) .(1—-): I—x)_
12 Tli(l =1 2)_2T12(l—xy’l—xy A FrE

G
(1-) 2 ]

2Ti,(p, y)+tan"!(x)lo
(7 7) (x) g{ (tx) 1452

2 2 e
i3 y2(14+x?%) =y 2(1 x)]
+ tan (y)lr;),g,[—~——-—(x+y)2 1 og _H_l+x2
+ ;
(13) Ti,(x, @)+ Ti5(1/x,1/a) = Tiy(x)= 1 rlog | ——— | ~Tiy(a)
x(1+a*)?
+tan~'(a)log(a), x,a>0
. x—a
(14) Tiz(—x,a)+T12(—l/x,l/a)+T12(x)x—%wlog m
—Tiy(a)+tan"'(a)log(a), x,a>0
- : g Xy
(15) Tiy(x,1/y)+Tiy(y,1/x)=tan" '(x)log (1+y2)'/21
+tan~ '(y)log e BEE
et 2
16) Ti,(x, a)—Ti (l_‘”‘ a)=tan-‘(1/a)log aE
( i 2\ a+x’ (1+a2)\/?
i ; [[1=bx . (1=bx 1+4ab (1 1+4ab
(l?) le(x,a)—le(m,b)"i‘le(m, e )‘“le(g, l—ab)

=tan"'(1/b)log { Gtk l

a(1+b%)"?
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(18) Tiz(x,a)~'ri2(x,b)+'ri2(l—bx l+ab)_ .2(1 l+ab)

b+x ' a—b b’ 1—ab
a+x b)

e ]
tan (l/b)log(b+x .

Other equations of this nature may be found in Section 3.3.4.

sin(@+¢)
sin ¢
(20) Ti,(tan#,tan¢)—Ti,(tan @, tan )= "Ti,[tan($—), tan(d+¢)]

(19) Ti,(tan#,tang)=Ti,[tand, —tan(¢p+6)]+8log [

—~Tij[tan(¢—y), tan¢1+(¢—¢)log[;ﬁ—i’m
sin(0-+9)
+91°g[ sin(0+) ]
See also Sections 3.3.5 and 3.3.6.
Q@1 le(%)=“z(0)+tan_l(a)log[ﬁ]+Ti2(",ﬂ)

+ Tis(—x L a), x<1l/a
@) le(” ) Moty tan_'(l/a)log[

+Tiy(—x, a), x<a

+Ti,(x,1/a)

(1+ x)

(23) Ti (——u b) Ti,(a, b)+tan~'(a)log

1 (a+b)(1—ax)

a+b+x(l~ab)]

: a+b -
+T12(x,T—_—E)+ Ti,(—x,1/a), x<1/a

4) Ti, [ x(‘l’Hé") ]=Tiz(ax)-l—TiZ(x/a)—Tiz(xa,a)+Ti2(-xa, a)
=

: 1 ; 1
_le(%,z)+le(-—-§,E), <]

Further formulae 6f this form are given in Sections 3.5.3—-3.5.5.

M] .

. | x(b+1/b) a(b+1/b
29 1, [ KHLLE) atoripp]
+Ti,(x/b,a/b)+Ti,(bx, —b/a)
+Tiy(x/b, —1/ab)—Ti,(bx)—Ti,(x/b)
. 2x 2a
(26) le( e ) 4Ti,(x,a)= le(l

-—a

—-X

% )sziz(x)
JC

a+t+x 1
e )+2tan (a)log[

_2T12( xx) ]+2Ti2(a)

a+
a(l—
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1+ : . 2a ay—2Ti (19

@) 4T (5, 122) 4Ty @) =Tiy (22 )+ 2Tiy(0) - 2Ti, (122
—a? —x? I+a+x(l—a
- 2x(1—a*)+2a(l1 —x?) +2Ti, a+x( )
’ (1-a*)(1-x?)—4ax l1—a—x(l+a)

. ([ a+x _ (I+a)(x+a) 1
_2T12(l_ax)+4tan (a)log m g

o [ I-a l+a+x(l—a)]

2 log I+a 1-a-x(1+a)

Sections 3.5.7-3.5.10 contain further formulas of a similar character.

(28) %Tiz(%)~§ iz(ilizrsj:j:m,tanze) |
Tl ety ) Tl et | Tal 25
+Ti2(r:-—ii—::1:;—9,—tan9)

29) %Tiz(x")=$(—1)”"'Ti2 %E(E%E%ﬂl,cot(ﬂm)}

(3]
+cos?(nm/2){; mlog x+2 > (— 1) [Ti,(tan#,,)— 6, log(tané,)]},
I

where 8, =2m—Dw/2n

n—1

. —n¢g
(30) - Ti[tan(nf), tan(ng)]= 3} [“2[‘“3’““( S )]

o

-~ 2r+]w)
—Ti,|tan#, tan 3

—2x,x, ) ( —2x,x, 2x,%, )
31 Ti,| ——————|-Ti :
=H x_zy_z 2(l—f-xl;!—-xz2 & 14x,2-x,2 x,2—x,?
wos [ Tls X )+2Ti2( X1 )y X0 Jpaite’ ixzyl )]=0,
Al +x,9;, —xy; L+x20; =X 91 X101 = X320,

where x, +y, +z,=X,y,2, = X032, =X 0,2, — X3, 2,,
Xy ty, tzy =002, X027, F X302, —X30,2;
n—1

(32) Ti,(tand,tan¢)= % Ti,[tan(2"0), tan(2"$)] — § 3 4 "V(2"0,2"p),

2 0
where V(#, ¢)=Ti,(tan28)—2Ti,(tan#)—2Ti,[tan(8 + ¢)]
+2Ti,(tan¢)+2¢log[tan(#+¢)/tan ]

i
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(33) 2Tiz(y,1)=Tiz( ‘;j)ﬂ“iz(y)

; 2y 1 | G
—%Tll(l_yz)—zﬂlﬂg(m)—c
(34) 4Ti,[tan, tan(w/B)]=2Ti2[tan(9+w/8)]—2Ti,_[tan(1r/8)]
+2Tiy(tan ) — ; Ti,(tan20) — ! Ti,(tan40) + 3 Ti,[tan(20 + 7 /4)]

I 1 tan(6+/8)
—3G—;wlog [ __—__tan(w/S)

J — 5 mlog[tan(260 + 7 /4)]

For other equations of this nature see Sections 2.3 and 2.7 and Section

3.9
i T . ; e :
(9) Tia ({25 4) =Tir(3, @)+ Tis(y, b)~Tiy(r, )~Ti(r, €)

. 1 . 1 . y
+T:2(z,m)+T12(z.W)—le(z,l/(.)
—Tiy(z,1/e), where tan~'(1/4)=tan"(c) + tan"'(e) — tan~'(a)
—tan~!(b), z= —y/[ce+y(c+e)], and A(ce—ab)y=ab(c+e)

For a more general relation see Section 3.10.

A.24. Clausen’s Function

(1) Liy(e®)=3 2510 ;5 sinnb _ ) @)+icio
1 n 1 n

_ 72 02279
R
(3) Cl(8)=— f log|2sin ! 6] 46
() ClL2na+0)=Cly(+0)= +Cl,(0)
(5) Cly(m+8)=—Cly(7—0)

(6) Cl,(8)=—Cl,27—8)

(7) Cly(nm)=0. In particular Cly(7m)=0
® [ log(sin0)d 0= — ! miog2

O ClL,G37)=G
(10) CL,(37/2)=-G

—27=0Z% 29

Other numerical relations are given in Sections 4.3 and 4.5,

(11) Maximum value of Cl,(#) occurs when O0=n/3

- (12) 3C1,20)=Cl,(8) - Cl(7—9)

(13) % Cly(nf)=Cly(0)+Cly(0+27/n)+ -« +Cly(8+n— 127 /n)



292 APPENDIX

(14) Cly2/n)+Clydm/m)+ - - +Cly@n=Tn/n)=0
(15) Cly(8)= —flog|sin ! 0] +0+ 2 (29 Irle gi ”g) —20<0<2q

16) Cl,(8)=61-1 a+‘gﬁ2+3294 0<|0|<2

(17) Ti,(tan#)=0log|tand|+ ; Cl,(20)+ 3 Cl(7—28)
sin(f+¢) }

+1C1,20+24)+ 1 Cly(7—26)

(18) Ti,(tan@,tan¢)=~log

-3 Cl,(2¢)
(19) Cl,(44)=4Ti,(tan ¢,tan ) —4¢log|2sin |
(20) 3Cly(p)+2Cly(3 m—¢)+ Cly(7—d)=6G,
]

@21 2[C1,26,)—Cly(28,,, +28,,3)+Cl(26,,, +26,,5—26,)]=0,
: _

tanp=4/3

where sin(8, +6, +0, +0, +6)=sin(8, +0, + 0, — 0, —5)+four other
t(;rms cyclically derived (0, is to be interpreted as 6,,)
(22) B [C1o20- 20,11~ 200000+ ClaQ0— 24,13~ 26145)
—Cl,(2¢,)]=0, where o= é ¢, and sino= 2? sin(o—2¢,)
1
In Egs. (23) to (26) ¢ and @ are related, by tan$= jtan(8/2).

(23) 3C1,(20)+2Cl,(2¢)—3Cl,(2¢—8)—Cl,(30 —2¢$)—6Cl(8)=0,

(24) 2Cl1,(2¢)—3Cl,(2¢p—80)—Cl,(30—2¢)—6Cl,(7—8)=0,

(25) 2Cly(7—8)—3Cl,(2¢—8)+Cl,(66—8)—6Cl,(2¢)=0,

(26) 8Cl,(2¢)—Cl,(30—2¢)—Cl,(6¢—8)—8Cl,(w—8)=0,

(27) 2C1,(2¢)+2Cl1,(20)+Cl,(4¢)—Cl,2¢—20+2¢)
—Cl,(20—-2¢+2¢)—4Cl,(2¢)—2Cl,(2¢—2¢)—2Cl,(20—-2¢4)=0,
where sin(# —y ) sin(¢ — ) +sinfsinp=0

For further equations of this nature see Section 4.6.9.

A.2.5. The Dilogarithm of Complex Argument

(1) Liy(re'”)=Liy(r,0)+i[wlog(r)+3Cl,(2w)+; Cl1,(20)— 3 Cl,2w+28)],

where tanw=rsinf /(1 —rcos#)

fflog(l—Zrc050+r2)
r

(3) Li(x,0)=Li,(x), ~l=xs 1

(4) Li,(x,0)=Li,(x)+iwlog x, x>1

(5) Liy(x,m)=Liy(—x)

(2) Liy(r,0)=

a
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(6) Liy(x,0)=Liy(x, —8)=Liy(x,2n7+8)
7 Liz(x,zlw)=Li2(x,3w/2)=§Li2(—x2)
(8) Liy(x,7/3)= ¢ Li,(—x*)— } Li,(—x)
) Liy(x,27/3)= ¢ Liy(x%)— 1 Li,(x)

1L 8 RO R SO N e s
’ SeyER I ]2(\/2 x)+ le[(\ﬂ—x):

: i : X
(11) Luz(x,3w/4)~zzuz(—xvz—xif)—%L'z(vz+x)
+%Li2 e Ny
(V2+x)
See also Sections 5.5 and 5.8.
(12) Liy(x,7/6)= 5 Liy(—x%)— }Liz(ux)L%Liz( - )
—
+§Li2(x\/3—x2)
(13) Liy(x,57/6)= % Li(x?)— 1 Li,(x)— ; Liz(
+%Li2(-—x\/3—-x2)
(14) Li2(1,9)=§(w—9)2—w2/12, 050= 27
(15) Li,(2cos8,0)=(3 v—0)?, 0s0=7w
(16) Li,(cos ¥, 6?)——le(coszﬁ?)+:,_(2 7—0)’, 00z~
(17) le(secﬁ 0)= 5w2/24—lle(coszﬂ)—-[logz(cos 0)— 170
0‘9( aT
(18) L.lz(zsell::ﬂ ?)=w2/12—;.92—zllc)g?(zcosa), —37<0<inm
(19) Liy(tan} 0,1 w—-9)=§92+%Li2(tan2%9)—;:-Lil(—tanzgﬁ),
—1ms0s 3w

)

n—1

(20) —le(x nf)= 2 Liy(x,0+2rm/n)
1) £ Liy(x?20)=Liy(x,0)+ Li,(x, 7—6)
(22) dLiy(x,0)= — }log(1—2 xcos 9+x2)dx/x-—tan"(—x—5i—l-1£—)d0

‘ I—xcos@
(23) Liy(1/x,0)+Li,(x,0)= — L log2(x)+ 3(m—8)* —n?/6,
0505 27
(24) Liy(x,0)+Liy(2cos0—x,0)=(1 7—0)2 + 3 Li,(2xcos §—x?),
0=0=n

2
25) Li ( —-x o - -Xx
EHH, I—Zxcosﬂ) 2L12(x,9)+2L12( I~2xcosﬂ’g)

+ 3 log?(1—2xcos 9)
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For further examples of single-variable equations, see Section 5.4.

(26) Liy(x,0)+Liy(y,0)+Liy(z,0)=(; 7—8)* + 3 Li,(xy)+ 3 Liy(yz)
+ % Li,(zx), where x+y+z=xyz
(27) Li,(—a?2a)+Li,(—b%2B)+Li,(—c2,2y)=2Li(ab, a+B)+
2Liy(be, B+v)+2Liy(ca, y+a), where ae'™ +be +ce'’ =
abce'**B+7)
See Section 5.7 for further details, where a number of formulas of a
similar nature are derived.

(28) Li,(ab, a+B)=Li,(a, a)+Li,(b, B)+Li, (b%‘&ig ; -rr+rx)

asina

: sin a i e
+Li, (am : -:r+,8)+ % log? (m) where asina— bsin =
absin(a—f3)

: x o g - —x
e 1y ( 2cosf—x ’29) e i ( 2cosf—x )
— 3 Li;(2xcos 8 —x?)

(30) Lis(x, 0)=2'"" Liy(x,, 6,) — 3 2'[Li5(~x,) = 3 Li,(x2, /x,)}
2
xsin#

sinf, —xsin(6, —#)

(31) Liy(—x,8)+Li,(—x,, $)—Li,(—x,, 8+¢)

where 6, =2""'9 and x, =

. sin(¢p—@) ! (_Sin‘f’ )=1“
_le[—'_;—i;-b—'—‘,tﬁ]”i'ldlz "'-""-"sine,(f}'Fg 2W(x,¢),

where x, =[xsin ¢ +sin($—#)]/siné, x, =[xsin(p+8)+sin]/sind,
i : x2sing + xsin(¢p—80) : xsin(¢+9)

wliy |- e/
W(x, $) L"[ xsin(¢p+0)+sind '2| Sine+xsin($+0)

. 2 . ” 2
+1i, [l——~—sm¢(l+x———i51n(¢+9))]—Liz(I— S‘”’)

sin’6 sin¢ sin’6
+2log[ sin(iigﬂ) }log[ xsnn(¢;n0;+51n¢ ]
o Bulr 5,60~y xsin(ﬂxji;)g+ sin ¢ &
*lia |- xsin(BiiI:;Jrsin(ﬁ’g ¢] R [_xSins(ifa-;¢)
+Li2(_ :ijlr:i'8+¢)+l(}g ;1;(1;1%455 og[ xsin(ﬂilrpq;+sin¢ }
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The follow-up of this equation is given in Section 5.9.8.
. [ sing : sin(¢p—@ in?
(33) Liy (- m,9+¢)—hz [— —«,—-—),¢}=a¢—§uz(s‘“ 9)

‘ sinf sin¢
+Iog( Sl.n(p)log[MJ

sin sin ¢
34) Li sin @ . sing
&9 lz[sin(8+¢)’¢ |~ e Ot
2 T [ sin¢
: sin( ¢+ N@) = :
39 Lz [t ohe ; sin ¢
( ) 12[ sinf ,¢+N+19J—L]2(mm,¢+g)
N a3
=NO[¢p+ 3 (N+1)0]-1 3 Li, sin’@
1 sin’(p+r@)
- sin(¢p+rf) sin(¢p+r—19)
+Zlog{———.—————J1 i AL
1 sinf 0g 5in(¢+r8) b 0<¢'+N9<1‘T
. sin N — N ik
G9) le(— sin @ ’N+19)=§92N(N+1)"%EL52( sni(;')
5 \ . VW 1 sin“ré
+31 (SI'an‘) (smr—w
§ %8 Sing )18 sin 70

6n 'S L [ Si’(n/M)
5 = sin(rm/ M)
s sin(rm/M) sin(r—Im/ M)
22 l"g[ sin(7/M) Jlog[ sin(rm/ M) J”z(%‘l/’“)

(38) MLiy(—x,0)=Liy(—x,,, MO)—(M—1)(; M9? —7%/12)
M-1"

+3 > W(x, no), —7 < M@ <, where

n=1

Xy =[xsin( M®) + sin(M — 18)]/sin# and

2 o
W(x, nf)=Li, | - X 5010+ xsin(n—16)
xsin(n+16) +sin(nf)
= ' xsin(n+16)
xsin(n+ 10) +sin ng

FLi, { e sin?(nf) [1+x sin(n+10) ” +2Iog[ sin({t_ﬁﬂ) J

sin” § sin(n@) sin§

log | 2880 10) +tin(nt) J
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M—1
M-HM=2) L2, LS w(x, na/M) with

39) Liy(—x,7/M)=
( ) 2( ﬂ/ ) 12M2 2 P

W as in (38) above.
1
(40) Liy(— x,,mr/M)—rle( x5 W/M)+(,»_])(_21}_z_ﬁ) 2

r—1
— 13 W(x,nm/M), where W is as in (38) above,

m=i

and x, =[xsin(rm/M)+sin(r— r—1a7/M))/sin(7/M)

Other equations of a similar character to the above can be found in

section 5.9.
A.2.6. The Trilogarithm
(z z 22
(1) Liy(2)= f = di= gt @t b=

Q) Lif—)=— Lls(l)'_ -3:3
(%) Liy(3)=3 Lis(D— -—-10g2+ L1og*(2)

For other numerical relations see Section 6.3.
@) 4le,(xz) Lij(x)+Li(— x)
(5) Lij(—x)—Lis(— l/x)——-g-logx—lloga(x)
(6) Lis(x)— L13(l/x)-—-logx——log’(x)—-mlogz(x), x>1
) “3(1 )+L1 (1—x)+Liy(x)= L13(1)+ log(1 —x)
——log(x)logz(l—x)—l— log3(1 —x), 0<x<l
x 1
8) Li (1+ )+L13( —— )+L13(— x)= L13(l)~—-—log(1+x)
—Elog(x)logz(l+x)+glog3(l+x), x>0
3
(9) Lis(l — 1/x)+ Lis(1 = x) + Lis(x) = Lis() + 7 log x+ § log’(x)
— 1 log?(x)log(1 —x), 0<x<1

| e . fx=1 1
¢ L13(1+ ) L13(x+l) 2“’“”””“3(1”)

2
—3Liy(1—x 2y— I Lis(1) E log(l x5 Log?(1+x)

For other single-variable equations see Sections 6.4 and 6.7.

T A R
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(11) Li, )2‘+Li3(xy)+Li3(x/y)—2Li3[

x (1-y) x(l—y)]
y (

y(1-x)

—X

e x(1—y) 1 ) o
21,13[ ~— ] 2Li (1 ))’c) 2L13[y(x__l) —2Liy(x)

- : = 2
2Liy(y)+2Lix() =log?()log( =% ) - - log y — Hlog(»)

Further two-variable functional e i i i i
‘ quations are given in Sections 6.
6.8 and in Section 7.7. ol

(1) Ayn= [ g
(13) Liy(— x)—ng|x|L12(—x)+%log2|x|log(l+x)-%A3(x)

Equations involving A; may be found in Section 6.7.

o e ) oy
(I)ng(y)fa i e £ -l L
(15) Tiy(y)+Tis(1/y)=sgn(y}(7*/16+ § wlog?|y|)

(16) Tiy(1)==>/32
. & Tiy(p) Tiy(p,a) Tiy(p,a
(A7) Tiy(p, a)= "[ 2 2 . p,a)
) Bl | = s b
(18) Lis(re®)=Liy(r,0)+i[Ti5(p)—Tis(p,tand)], p=
(19) Liy(e')= Cl3(€)+iGl3(9)

(20) Cl(8)= 2 L =Lis()— [*Cl(0)dp

(21) Gly(8) O(7—|8)2m—18])/12, —2n=20=
22) c13(0)=u3(1)=£§) e k=
(23) Cly(m)=Lis(—1)=—3Lix(1)

(24) Cly(3 m)=—3; Liy(D)

(25) Cly(5m)=3Lix(1)

(26) Cly(3 7)=—5Lis(1)

(27) Cl;2n7+8)=Cl4(9)

(28) Cly(m+8)=Cly(7—8)

(29) %CIS(r9)=C13(9)+C13(9+21:r/r)+ cen

(30) ClyQ7/r)+Cly@m/r)+ - - +ClyRar—1/r)=—(1—1/r?) Liy(1

(31) Liy(iy)=5Lis(—y?)+iTiy(y) 3 s
P

(32) — Lig(r", n)=Lis(r, 0)+ Lis(r, 6+ 27/m) + -~

rsin@
1—rcos®

+Cly(0+27r—1/r)

+Liy(r,0+27n—1/n)
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(33) ?;Li3(r2,2.9)=1,i,(r,9)+Li3(r f+a)=Lis(r,0)+Liy(r,7—0)

(34) Lia(r,ﬁ')-—Lis(%,ﬁ)—-——loga(r)+ log(r)[3(0— 7)? —7’),
0<0<27

(35) Lig(r, w)-*—L13(r )— L13(r)

(36) Liy(r, 2 m)=3Lis(=r?)

@7 Lis(r,7/3)=1% Lla(_" Mg LiaC=r)

(38) Liy(r,2m/3)= 15 Lis(r*)— 3 Lis(r)

(39) Lsy(8)=— f elogz(.’lsinl 0)db

(40) Lsy(m)=3 LLs,Q2m)=—7m/12

(41) Lsy(m/3)=—Tn"/108

(42)[ flog(2sin L 0) d9=1] Li (1)

(43) f " glog(2sin L ) d0= 3 Li(1)— 3 7G

(44) Tla(tan ! §)="Ti,(tan 3 9)log(tan L g)— 1 flog’(tan 0)+m*/24
+ 3 Lsy(7— 0)— 3 Lsy(0)+3 L Ls4(26)

(45) Lis(r,0)=Lis(r)+3 f(e #)log(1—2rcos g+r?) dé

(46) RelLi,[; 1(1—e2%)]= ReLlﬂsmﬂe’w 1rr/2}]:='—H5—L13(1)+ Ll3(sm )
+102log(sin0) — § Cl, (29)+ Cly(7—28)

1) R<=,L13[tanﬁi.e‘“"/2 20)}= 5 Liy(1)+5 Li,(tan?0) — § Li,(—tan’®)
+0%log(tan @) + c13(w—49)——(:13(49)

(48) ReLls(l—e"") Rele{Zsm(lG)e’(i"”"/z’]—’L13(l)—-— +(8)
+30° log(2sin 3 0)

(49) Ian,(l ¢?)=0%/24—1 flog?|2sin ; 9|~ Cl(9)log|2sin; §|+Lss(8)

i sin¢
(50) Li3(§££,¢—9)+Li3( fn¢,¢+8) q)log( )
' sinf sin

sin

+1Li3(5i_“z‘;) +1C1,20+20)+ § C1,20—-24)— 5 C1520)
n

L C1429)+ 3 Lis(D)

2 . [ 2siny
(51) LI;(x,:’.lfl)"—le_.,( TS-TP’%“W)_ZL”‘( = ¢)

[ —4xsin®y 2siny
=Li3(x)—Li1(1)+Cla(24’)_%Lls(—__"—_(IXSl . )‘””"g(—“l*x)

(52) 1ClL4a)+5ClL;20429)+; L C1,(20—2¢)—Cly(¢—0+2a)
—Cly(¢—0—2a)— Cl3(¢+9+7r+2a) Cly(¢p+0+7— 2a) CL(20)
—Cl,2¢)+Cly(0)= 2ia(0% —¢*), where sing/sinf= e?
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(53) Lsy(20,260)=2Ti,(tan w)— 2 Ti,(tan o, tan 8) + 1 Ls;(20)

si +
+ 3 Ls;Quw+260)—; L53(29)+log[ qm'giiwe) ]

- [Clz(Zw)+C11(29)*C12(29+2‘=’)“"1°g Sms(ic;w) ]
w

A.2.7. The Higher-Order Functions
2
(1) Li(z)= f =) P - TN FFS
@) Li(-D= “(1—2“")14,,(1)
) Li, (1)=22""1B #2"/(2n)!
(4 Liy,(=1)=—@*" "= 1)B,7?"/(2n)!

Section 7.2 gives the first eight Bernoulli numbers.

(5) 57 Lin()=Li,(x)+ Li,(~)
(6) Li,(—x)+(~ I"Li,(~1/x)= — L log"(x) +
[n/2] '
2 Y log" 2(x)Li,(—1)/(n—2r)!

r=1

(7) A (x)= IM‘;

(8) Li,(x)=log(x)Li,_,(x)~ 57 10g2(x)Li,_s(x)+ -

(—1)n ; g2 = TR
W (X)L (x ) —— gy log™~!(x)log(1 —x)
(=1

& (H"l)‘ An(_x)

©) 2—'_, A(xD)=A, (x)+A (=)

(10) A (x)+(—D"A,, (l/x)- log"|x|+[14+(=1"]A,(£1) according to
the sign of x

3 5
an Ti,n=[" "‘(y)dy=%—;%+§—,,—~-—-, bls 1
1 1 n—1
(12) Ti () + (= 1)"~"Ti (1/y) =sgn(») W(Ofl—),ld
+2[(n§)/2]10gn—1—2r[y|

m 120+ 1(1)]
(13) Tig,, (1) =E,m"*Y/Q@>"*?Q2n))
The first five Euler numbers are given in Section 7.2.

299



APPENDIX
300

o[ Ti,_i(p) . Tipi(pya) _ Ti,i(p,a)
(14) Ti,,(p,a)=fo[ s e [P
(15) Li,,(rem)=Lin(ﬂ9)+f[Ti,.(.0)”Tin(Pafanf’)], [
(16) Liy () =Gl,,(8)+iCl,,()
Q) Li2n+l(em)=cl2n+I(B)+fG12n+](g)

sin r@

a8) Cl0)=3 =f3012,,_1(3)d9
1 r o

rsinf
" 1—rcos#

o0 9 . 9
(19) Cly, s (@)= S S0 =Ly, (D~ [ Clyy(8)d0
[ o

cos rf
In

(20) Gl,,(H)=2 s
1

Z sinrf

(21) Gly, ()= EI r_zj;_l
(22) Gl (8)=(— 1) +17/212n= 1" (9/2m]/n!, 0265 2, e |

m—1

@3) ——Cl (mb)= 3 CI,(8+2mr/m)
ni

r=o

24) El— Cl,, s (20)=Clyy ((8)+Clyy (7 —0)

@5) Cly, (3 m)=—27C""D(1=272")Li,, (D)
26) Cly,,i(m/3=2(1—-27>")(A =37 Liz, (D)

Other formulas involving Cl, and Gl,, can be found in Sections 7.2, 7.3,
and 7.5.

() Li ()= 55 Lin(—y ) +iTi,0)
m—1

(08) — i mo)= S Lij(r,0+2al/m)
m"”

I=o0
1 n
(29) Li(r, )+ (— PR, B)=— ) log"(r)
[n/2] Iogn—zm(r)
+2 X (n—2m)!

me=1
(30) Li (—r,0)=Li,(r,7—0)
@1) Li(r,0)=Li(r), r<l1

(32) Li(r,m)= 51—] Li (r2)—Li(r)

Gl'lm(g)

§ [RESs
(33) Li(r, % 7)= 7 Ll"(—rz)
3 1
2 3!1--]

(34) Li(r,7n/3)= Li (—r*)—3Li(-r)

A.2 LIST OF SELECTED FORMULAS 301

2
(35) ReLiy(1—e)=4Ls{(8)—30Lsy(0)+ % log?(2sin ] 8)
+ 1[Li;(1) — Cl4(8)]log(2sin 2 ) — 6% /192
(36) ImLiy(1—e™)= —1Ls,(8)+3 Ls;(#)log(2sin; 8)— % log(2sin 1 8)

3
+ 3 Cl,(8)log?*(2sin % o)+ % log(2sin 3 8)— 3 Cl(8)+ }QLi3(l)
" 3
(37) [ log’2sing 6)= 5" Lix(1)
(38) f"” flog?(2sin § 8) df=17x*/6480

Other numerical values of log-sine integrals can be found in Sections 7.6
and 7.9.

(39) 1Liy(x?)=Li,(x)+Li(—x)

(40) Liy(—x)+Li(—1/x)=—Tr*/360— 5; log*(x)— 5 7*log*(x)

(41) Liy(—x?yn/&)+Liy(—y’xé/n) +Liy(xy /n*6) +Liy(»>x/6*n)
=6Li(xy)+6Lig(xy/En)+6Li(—xy/n)+6Li(—xp/§)
+3Li(xn)+3Li(y€)+3Liy(x/n)+3Li(y/£)
+3Li(—xn/&)+3Liy(—y&/n)+3Li(—x/nE)+3Li,(—y/n€)
—6Li (x)—6Li (y)—6Liy(—x/&)—6Li(—y/n)+ 3 log’(§)log(n),
where {=1—x,n=1—y

Single-variable formulas derived from (41), together with similar for-
mulas for A (x), will be found in Section 7.7.

(42) = Lig(x?)=Lis(x)+Lis(—x)
(43) Lis(—x)—Lis(—1/x)= — 535 log’(x) — 3¢ 7*log>(x) — 5¢5 7*log(x)
(44) Lig(—x*)+Lis(—&*)+Lis(x?/£*)=9Lis(x£)+9Lis(—x/£?)
+9Lig(~x%/£)+54Li,(x)+54Lis(£) + 54 Lis(—x/E)
+ 81 Lis(—x)+381 Li5(—$)+81Lis(lx/$)+§log“(§)logx
+ 15 m*log(§) — 5 w2 log?(£)— S log®(£) +21Lig(1), where {=1—x

Special cases of this formula, together with a two-variable functional
equation for A4(x), will be found in Section 7.8.

(45) L, ()= —w(d%)"exp[z X1 (1-2")i(n)

2 x=0

(46) Ls,, ,o(m)=(=1)"m![=n(1—-2"")§(m+1)
—(1=22"")¢(m— 1) Lsy(m) /2! + (1 —=2>"™)¢(m—2) Ls (7)) /3! + - - -
+(—D)™(1= ){QR) Ls,(m)/(m—1)]
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@n [ "log"[(2sin 1 #)2 cos t 0)7148
d\» x” n 5 n n n
=_W(EE) exp [2 -):T(ml) (I+p -(3)"-Gr)'-(31+p) ){(rz) x=0
2
Many other formulas of this type will be found in (7.126)—(7.166).
@48) ["log?(@sin} 0)log(2cos 1) do= 1} 75(3)

(49) Lss(7)= —197°/240. See (7.113) for further values.
(50) Ls,(8+2mw)=2mLs, (7)+Ls, (0)

(51) LsP@mn)+LsP(8)— LsP’Qma—0)=2maLs,_,(0)
(52) Ls2mw)=2m’zLs,_(7)

(53) Ls(”(me)-F(— )" 'Ls(8)—Ls’2mm—8)

2 (— 1y 7@ma)? () LsSp(8)

A.2.8. Summation of Series

1 v_r:_v_(z_z’_ +1(z_w_’ w_)_
M 21 Rl | 2 4\1 Z
, ; o

N R
+glog(1—w2)1og(E)+;1og2(:—:£lw"—)
O P~ g + g =+ = —x{ LX)~ mLi, (=)
T Rl s =
[Ll,( x)+L’:l]}+(—l)"{Lim(——x)+nLim_,(-x)
bl e e n(n+l)(n;-:1-l-)-!(n+m-2) g el

where Li,(—x)= —log(l +x)

(4)2 ( +I+ n—l)

2
g L)

2 %=Li3(1)
1

I

+o

el | .
> = =1 Li()=7%/360
1
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= p+2 1 1
i pgom(l+ 2 LA ;3_+T)=2§(3)+(1_10g2)wz/6

7 r P+2 l ! 1
()pgﬂ( 1) (17 (l+2 + +1) l;i’(3)+ — 3 log22

®) f S(xu)Li (u) du= E a x!’{ ® (= Lig_ 1) J

=0 ( +l)k+l
_E(_I)q (l+l+...+_.i._)
p=0 g (P 2 p+l
n— n—1
(9) If X = 20 apyn_p/]-’!, lheny"= 2 (_[)papxn—p/p!
p= pme

- _cos(nf) .,,-2
(10) ; (2cos8)"n? = —-[92 +log?(2cos #)), _§w<g<%,ﬂ,

(11 2 (ZCOSlecos(nﬂ)
1

=(9_%W)2, 5"1?(0(%7?
& 2 41 1

12 % (_ e _)=l 2l

(12) ? e b +3 4+ | =3logxlog’(1-x)
+10g(1 —x) Liy(1—x) = Li,(1 — x)+ Liy(1)

(13) EI:[Lizn(l)— 1]=2

(14) §[Li2,,ﬂm~ =4

(15) 2 > Liz,(1)=3

(16) 2 znvt Hansi(1)=log(2)— 3
See Section 8.3.5 for further details.
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A3l

x| *
o f M dx=— ;l Li)(—ax")

@ f:log(a+b!) %log( ae;bc)log(it_e{)_%uz [ b(c+e!)J

bec—ae

1. be

+—.
e le(bc—ae)
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:log(a+bt) 1 2[2 }___1”_1 2(!{)
(3)f c+et ZeIOg e(c+et) 2e % e

1. bc—ae 1. . (bc—ae)
= L O (O T |l
L s [ b(c+et) ] e 2\ Thbe

i
@ ¥, = [ g,
(a+bx?)"" /
ml m—1
Hien x™log(x) "f x ,zdx
(a+bx?)"""

(a+bx?)""'?

=mV,, a1~ @n=1DbV, 1 =maV,, ,,—(2n—m—
=Q2n—0aV,_, ,—QRQn—m—DV, _ .,
®) fml°g(yz dy=— 1 Cl,(2sin~'y)—sin"'(y)log2
I=»

APPENDIX

l)bV +1,n

© f log(y) s Bl [(m _y)Z]_,_%logz(]E;"'Z)

1+2

log(y)
o
11! —1

1—-

-2

PRTN -y  E (a

xlog(1+x?) . : 2 3
®) f L) - dx=%le(—x2)+%l~lz(]—§)*1*‘z(x?

+ 1 log?(1+x2)—log(1 — x)log(1 +x?)

A3.2,

) fo'l‘}g[ﬁlﬂaﬂ)z]

cFi
HED ] d=topt 7 + (P log <)

C

c+i

V(e —-a)z—l-ﬁ‘z

C—

Y(e—a)’+B?

(2)f Jog( A+ Bx+ Cx? ) 1

_2L12 36

+m2[

cosf=

a+bx

a+bx b

log(D/b*)log

»

—2Li2( gty ,9)+2Li2(——-(i—_"—,9)
Vb/C Vbp/C

where cos@=(aC—1bB)/VCD and D=Ab> —abB+Ca®

,9], where

|
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81 +¢
3) fr og(-ﬂ: )d!=%tan"l( . 5!2
o (y+1) 482 8% "+t
— 3 CLy20+2¢)+ 3 Cl,(20, +2¢)— 3 Cl(7—20) + 1 Cl (7 26,),
where tanf=(y+¢)/5, tanf, =v/§, and tanp=(a—7v)/8
(4)f (T+r)log(a+t) (y+1)*+82
—a  (y+1)*+8° (y—a)*+82

+Liy (G ")’ where M=/8% +(y—a)’ ,cos 9=(a—v)/M

2 2
) f(vﬂ)log B+ {y+t) ] i 82 —p2
82 4+ (y+1)? 82 +(y+1)°

[62+(7+) }
82

)log{82 +(a—1)?]

=1llog

2

log(a+1)

+ 1 log log[8* +82(y+1)?]

(y+1)log ﬁl*'(“"")] . 1—ecos2¢
(ﬁ)f T dt-wlog(—l—m—)lgcos(ﬁ ®)

cos @ irs [_ 2e S ]
_—u——N(l—ecosM»)]IOg(cosg)-"lez 1= cos (0—9)

cosf / 1—e¢ . cosfl
COS(G—¢) 1"‘80082(}} ,¢’}_2L12|:COS(9—¢)’¢}

where N=3[82+ 8% +(a—7)?], e=yl1 ~(B8/N)*,

tan2¢=28(a—v)/[B* +(a—y)* —8?], tanf=(y+1)/8,

I ==
costy = oo v 1—ecos2¢

o fﬁlog [ B2 +(a+1)?]
82+ (y+1)’

+log

+2Li,

dt=0log4N — Cl,(7—28)

+3Cl,(29)

+ 3 Cl,(40 —4¢—2n)— 3 Cl,(460—4¢), where N, ¢, ¢, and 0 are
esin(20—2¢)

as in example (6) above and tann=

1+ecos(20—2¢)— V' 1—¢?

A33.
e
(1) f log(sinh#) df=1 Li(e ~2%)—flog2+1 6% —72/12
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@ [‘log(coshd)do=1 Lix(~e2)~Olog2+} 62 +77/24

1) falog(tanhﬂ)dﬂm%Liz(e‘”)—%Liz(—e"'")-—qrz/B

) f”log(sinm df=—0log2— ! C1,(26)

) fglog(cow)d8= —Blog2+ 1 Cl,(7—26)

©) fglog(tanl?)dﬂﬁ—%CIZ(ZQ)—%CIZ(-:T—ZB)

%) f Bloﬁfc‘fj) 0= Li,(—tan®@)

(8) f tanflog(tan §) df= 1 Li,( — tan? ) — log(tan 8) log(cos )

©) f : ot flog(cot ) df= 1 Li(— cot? ) —log(cot 8) log(sin )

(10) f ? tanBlog(sin @) df =1 Li,(cos? §) —n2/24

an f ’ cot Blog(cos ) d8= — 1 Li,(sin 0)

(12) f tan@log(cos #) d8= — } log*(cos §)

(13) f”ed@ C1,(8)+Cl,(7—8)+flog(tan 1 9)

(14) f fcot(#)dd= "L C1,(20)+0log(2sin)

(lS)f ftan(8) df =1 Cl,(7—20)—flog(2cos )

(16)f 92sec?(#) df=02tan 8+ 20log(2cos ) — Cl (7 —28)

(17) f 02 cosec?(#) df=Cl,(20)+20log(2sin ) — 7 cot 8

(18) f 02 cos(8) cosec?(8) d9=2Cl,(8) +2Cl,(7—8)+28log(tan } 6)
—8?*cosec(8)

) [ xii—’%(’il dx=1Cl,@2sin"'x)+sin~'(x)log(2x)

in f : ;
(20) f:tan*'(rle—zos—a)dﬁznz(a)—uz(a,a)

¢ _,[ sinp+asinf » : oo
(21 j; tan ‘(m)dﬂ—8¢+hz(a,¢) Li,(a,0+¢)

92 sing+asinf

9 0do 2 —1f; SHLPTAINBY
(22) f T~ R {_4——8(#4-9{ (cos:f;——acosﬁ'

o 1+a?—2acos(A+¢)
a0y =Li0n )

)
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(23) f*cot(9+¢)log(sin¢)d¢=w2/6+; S(p+20—21)

: [ sin(0+¢) | .. [sin(8+¢)
+log(sin#)log T ad =Ly 8
@4) [*cot(8—p)log(sing) dp= —7/6+ 4 $20—9)
5 ; [ sin(0—¢) | . [sin(6—¢)
log(sin#)log snd | +Li, _ W,qy
¢ sin26 ‘ _ . [sin(6—¢) }
(25)_[0 cos2¢—cos2f log(snnq>)d¢—L12[ sinf '
[ sin(6+¢) J in(0+4) N
le[—m—-——,tp +log(smé?)logl—7—) +¢(20—m)

¢ sin2¢ . i | sin(6—9) ]
(26>Lm‘°g<m¢>d¢-“z[ e

+Li, [ Sm:i""i‘) ,q,] +log(sin #)log { ————coslz;cfzfzg ]

+o(r—¢)—7°/3
gy HRE H

(27) ftan (cmﬁ—a)sin_](aSiﬂ¢)d¢=*; [mnhl(%)} ’
+Li,(a)—Liy(a, )

(28) f tan~'(btanf) df= ! Li,[(1+b)sin, L 7—9]
—-Liz[u—b)sina,zw 0]

(29) f tan~'(a+btand) do= —(0+¢)tan~ (B~ 'tan)
—¢-
+3 Li,[(1+ B)sin(0+¢), L 7—0— ¢]—-‘L12[(l —B)sin(§+¢), L r—8
—¢], where B=tan(; B),sin=2b/(1+a? +b> )tan2¢
=—2ab/(1+a*—b?)

0 0de
(o) fo sin(¢ ) +sin(20+ ¢-)

_21(312(2.¢,)+E Clz(w—ZB)}

3 s€C {Hlog[ ﬂ%ﬂ } +3 Cl,(20+2¢)

c+ex cos
+5 Cl,(2¢+28)+ 1 Cly(7—20),
- where tan¢=(bc—ae) /e, tanf=a+ bx
tan"'(a+b + “a+
Sftan™'(a+bx) dxandf(c ex)tan™ '(a+bx) &

(c+ex)+f2 (c+ex)?+f2
put c+ex=ftan@ and use previous results

61 fetan_'(a+bx) dxzmog{sin(f?%-qb)]

(32) To integrate
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(33) L ’ log(sin® §—sin? ¢) df= L ’ log(cos?p —cos?0) df

=3 Cly(49) — 3 C1,(20+2¢) — 5 C1,(20—2¢) — 2(§— ) log2

(34) f¢log(sin2¢~sin2 0)do= fﬁlog(coszﬂ—coszz;:)dﬂ
0 0
=1Cl1,(20+2¢)—1Cl(4¢)— 3 Cl,2p—28)+2(0—)log2:

]

(35) f log(cos ¢ —cos 8) df=Cl,(2¢)— Cl (8 +¢)—Cl,(0— )
+
—(0—¢)log2

(36) fﬂlog(l +sec pcosf)df= —flog(2cosgp) +Cl,(m+¢p—8)
+;:Iz(1r»—¢-9)

37 f log(tan#+tan¢) df = —flog(cos ) — % Cl,(20+2¢)
+3Cl,2¢)— 3 Cly(7—26)

@8 [  Jog(1 +sin ¢ cos 8) d0 = Blog(sin? 1 ¢)—nlog(tan? ! ) — C1,(20)
+Cl1,(20—2n) +Cl,(27), where tann=sinf/(tan 3 ¢+ cosf)

(39) fglog(l—2rcosﬂ+r2)dﬂ=Clz(29+2w)—Clz(29)—C12(2w)
—2wlog(r), where tanw=rsinf/(1—rcosf)

(40) flog[a2 +(btanf#+c)?]d@ can be deduced by putting btanf=¢ and
using previous results

(41) flog(l —2rcos asin@+r?sin’8) df can be deduced by puttmg
tan 3 @=1; see (8.70)

A34.
(1) f' x*'Liy(x)dx=7%/6a—[¥(1+a)+7Y]/a®

- n? (11 1
@ [ *"Ligx)de= 6(n+1) "(n+l)z(7+5+“'+n+1)

tLiy(1)dt — x? Li,(x) log%(1—x)
3 - iy ]
()f (1—xt) S 6(1-x)  x 2x
@) f Li,(—y2tan?0)df=27Li,(—y), y20

x<l1

e 2
- f,log(l 2xc056‘+x)dx=ﬂz/6__%(ﬂ_9)2, 0=0= 27

X

© [7sin"(asinf)dbd=xx(a), 0Sas 1

A.3 REFERENCE LIST OF INTEGRALS uy

o tan~'(ax) 1 '
(7)f0 ——l;:-!——dx=-,-r2/6—;llogz(1+a)—-;Li2(~—-—)—-;',Liz(l—a)

l+a
='rr_2__ (l—a)
g X2 1+a

m/2
(8) f . tan~ (A4 cosec x)dx=m?/4—2x,[(1+A42)/2 — 4]

/2 x*dx  14p? 2
) { + = LI( p)] 2<l, Pm2ty
f 1-Pcos2x | —p2 |24 “ p 1+p2
l+gq 4
(10) dx= [ +7Li ] -1
fl-—Qr;osx =y mlixe) Zshe (1+49)?
1+r2 | 73
(“)fr_m"" == o), =
- +r
x%cos x 1472 x,5(r'/?) 2r
12 B | fem e L . A 19
( )f l—RLOSZx o l1—r L2 2 Pelidy 1472
_ 2 .
(l3)fo xtan [l_‘{;zsmx]dx=2wx2(1’), pral

(14) (1/77)] sec x Li(sin fcos x) dx = Cl,(20) +flog(2sin f)
T r(rtg)/2
15 log(1— B?cos?0)df dg= —1g2
( )j;f.p/z og( cos“0)dfdp=4x,(p) ;7 logC
with p=B/D, C=4/D, D=2—B+2(1-B)/
(16) fs (“‘“’)ct (2¢)d¢_—{m,(w) Cl,(2sin"'s)

+!0gsL:2(c )=Lis(s*), s>0
(17) f log(x)log(1—x) dx/x=—n*/180

A3S.

(1) [ toB(1 ) log(1 ~ ) dy /y=Liy (2 f)—u;( (‘1'“"))
cil—Xx
—Liz(1—x)—Lis(1—cx)+Li,(1/c)+Li s(1)+log(1 —ex)[Liy(1/c)
—le(x)]+log(]—x)[le(l—cx) Li,(1/c)+7?/6]
+ 3 log(c)log? (1—x)
log(a+bx)log(c+ex)
@ B dv=log( £ )Liy(y)

+log(—_—gr) le(Ky)Jrlog( ef)IOg(_gjf;}“)logy

. bf _ b(S+gx)

+ [ log(1—y)log(1 - K; ,where K= E-L N e
B y) dy [y b g
and example (1) above is used for the last mtegral this result

holds provided ag— bf#0 and cg —ef+0 [see examples (3)—(5) below]
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(3) In example (2) if ag—bf+0 but cg—ef=0, then the integral equals
bg : bg ( g )
——— |L +log| ———— |1 lo
g -0 12(y)+log e(bf_ag)] B\ -7 ) B

1 g 2
zl |
3tog( £ )108%(») + [ loa(»)log(1 ) dy /v
(4) If ag—bf=0 but cg—ef+0, then the integral equals

g : €g g
log [ —b(ef— - } Li,(z)+log mb(ef—-cg) }log( pres

—%]og( ng_ef]]ogz(z)+flog(z)log(l—z)dz/z, where

_e(f+ex)

ef—cg
(5) If ag—bf=0 and cg—ef=0, then the integral equals

3 log(e/b)log?(v)+ § log*(v), where v=">b( f+gx)/g
6) fxlogz(l—x)dx/x=log(x)[og2(l—x)+210g(1-x)Liz(l—x)

)logz

=D gl =) D 1)
@) fxlogl(l+x)dx/x=log(x)log2(l+x)—§log3(l+x)
i _Sloglld 2L, ( l ) 2Li (lix)uu,(l)
(8) f log(x)log(1 —x) dx /x = Lis(x)—log(x) Li,(x)
’ 9) fxlog(x)log(x— 1)dx/x=3log*(x)+log(x)Li(1/x)—2Lis(1/x)+
1 .
2Liy(1)
Further results of this character are given in Section 6.4.4.
(10) f log?(x)log(1 —x)dx/x=—2Li,(x)+2log(x)Li,(x)

~10g(x) Lio(x)
(11) f logg(x)dx/(l—x)——6L14(x)+610g(x)L13(x) 310g2(x)L12(x)

~log3(x)log(l—x)
] (12)f log (x)]og(l—x)dx/(l—x)=2{Li4(l—x) ._
—Liy(x)—Li (]__.__) Li (I)]+2 log(1 —x)Li,(x)—log(x)Li,(1—x)

+L13(1)Iog( )]+2log(x)10g(l—x)l,lz(l—x)
+ 45 log?(1—x) [6log2(x)+4log(x)log(l —x)—log?(1—x) -2172]

For further results of this type see Section 7.6.1. Equations (7.48) and
(7.49) give similar results for higher powers of the logarithms.
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The limiting value x=1 in Equation (12) gives

(13) fllog(x)logz(l-—x)dx/x=fllog2(x)10g(l—x)dx/(l—x)
=—7%/180 ’

A3.6.
(M f “log2 sinw)log[2sin(w+8)]dw= — ; Ls,(20) + L log(r) Ls,(2w)
@ fﬂGIUBZIZSin(Hw)] db= —wlog?(r)—log(r) Ls,(2w) + ! Ls,Cw)
— 315,20 +20)
©) f:IOgEIZSin(g'Fw)] dw= —wlog?(r)—log(r)Ls,(2w)+ 1 Ls,2w)
) f: log(2sin w) log[2sin(w+8)] d6= - } log(r)[Ls,(2w) + Ls,(20+2)]
+1Ls;(2w) — 1 Ls,(20+20)
®) [log2sinw) dh= 1 Lsy(260)~ 4 Ls 20+ 26) + (w +8) log(r)
-log(r)Lsz(2w+29);

In Fh? a)bove five formulas w and @ are related by the equation
sin(w

—————— =r, where r is a constan
sin(w+60) .

A3.7.

) j;ml‘f_m Ci(t)dt="1Li(—a?)
@ f°°"

@) f
(4)]0 —!—Si(r)dr=Ti2(l/a)

si(f) dt="Ti(a)

= ey Li,(—a)

(5) lim — Ei(—1)dt=Li,(—a)+72/12+ }(y+loge)?

e—)
© [ 7 e P Lis(=p) dp= ~ @/xICi(x)+57(x)]
o Lwe_”uz(_p)qpql/x)fxmfgEi(*x)dx

For other results of a similar character see Section 1.9.5.



312 APPENDIX
A38.
(1) Li,(z)+Li_(2)=2"""Li,(z%)
1 o z¢* " dt
) Li(z2)=—— s Rer>0
2 Li(2) F(I’)Jl; e —z

iny/2 ¥
3) Li,(z)+e"”Li,(l/z)=f~—f—((§)jﬂ— §(1— log_z), Rev <0

@) lim(1—z2)'""Li,(2)=T(1—»), 0<Rer<l
z—1

A.4. TABULATED VALUES

A.4.1. Several of the earlier writers spent a good deal of effort in preparing
tables of the various functions we have studied. The convergence of series

expansions was sometimes
ing alternative expansions
able use was made of the various functional
were often judged mainly on their merits as aids to computation. Among
the earliest and perhaps most remarkable of these works is Clausen’s
sixteen-decimal tabulation* of the log-sine integral at 1° intervals. The
Fourier sine series would appear to be quite unsuitable for computation to
this order of accuracy, at least not without some extensive manipulation,
and we are, perhaps, in some sympathy with Newman, who admits rather
dolefully that he did not know how it was done.

Spence* tabulated, at unit intervals, and to nine decimal figures, his
second- and third-order logarithmic functions, together with the function

for particular ranges of the variables. Consider-
equations, and in fact these

é“(x)ztan_‘(x)/X-

A small table of the same nature for the dilogarithm was also published by
Hill,* and an eleven-decimal tabulation of A,(x) at unit intervals was
given by Kummer* in 1840.

The first comprehensive table for the dilogarithm was given by New-
man* from values computed by J. C. Adams. More recently, Powell* has
given a tabulation of the related ['[logx/(1—x)]ldx to seven places of
decimals with x from 0 to 6 in 0.01 steps; and a short note by Fletcher*
corrects some values in these tables. A nine-decimal tabulation of

* —(log|l—y|/y) dy with x=— 1.00(0.01)1.00 has been given by Mitchell*

in a short paper reviewing some of the uses and properties of the diloga-

rithm.

*The locations of these tables are given in the references in the bibliography, sections B.2

and B.3.

very slow and much work was put into develop-
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In connection with an electrical problem the function

1 > |1+¢] dt
wj;logll_ti-t—,

which is closely related to Legendre’s x,-function, has been tabulated b
Corrington* to five decimal places. E

A more recent tabulation (1956) of this same function by Thomas to
seven-ﬁgure accuracy is given in Bell System monograph No. 2550. The
t:’ibulat.lon interval for the independent variable has been chosen to p'ermit
linear interpolation to one unit in the last decimal place.

A number of special functions occuring in physical problems have also
been tabulated and are discussed in Section 1.12. One might mention here
a short table for polylogarithms of order — 3, % and 2 given by Truesdell
on page lSQ of Annals of Mathematics, 1945 (Universiiy of Michigan)

A tabulation of Cl,(#) to six decimal places at 1/6° intervals is give'n by
Ashf)ur and Sabri in Mathematical Tables and other Aids to Computation
Apnl, 1956, pp. 57-65. This supplements Clausen’s table, whose tabulatior;
interval of 1° has been found too coarse for recent applications.

Modu?rn computational methods have somewhat eclipsed the results of
the earlier workers, but have made available a range of tables which would
not have been likely to have been prepared in any other way. In 1954 the
staff of the computation department of the Mathematisch Centrum.
Amsterdam, under the leadership of Prof. Dr. Ir. A. van Wijngaarderi
produced a report on the numerical values of the polylogarithms for the
first twelve orders, to ten decimal places. For real argument the variable
1ia1}l:ges from —1(0.01) to +1, and for imaginary argument from 0(0.01) to
a.= ;1(3 .;(l);gf)iex argument (modulus unity) is taken in the form e’™*/? with

fl\ notable absentee from this list is the function Li,(r,#) with Li,(7,8)
v.:‘hich occurs in a number of physical problems, as the most importzzint’ II;
view of .thc prominence given to this function throughout the book it was
felt des.u'able that this particular gap should be filled, and a six-decimal
tal?u]a‘tl‘on with r=0(0.01)1 and #=0(5°)180° has been prepared by the
Sclen}zﬁc Computation Service and is presented in Table V. For the other
functions the reader cannot do better than refer to Report R24 of the
Mathematisch Centrum mentioned above. Thanks to the kind permission
of Dr. van Wijngaarden it has, however, been possible to include a number
Cff extracts from these tables, which it is hoped may be of some use. The
firsE four functions are given, with the values rounded off to the-fifth
decimal place, for positive values of the argument. By the use of formulas

*See footnote to p. 312
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already given the range of the tables can be extended: the more important
of these formulas are given with the tables.

The polylogarithms of real argument are given in Table 1, the inverse
tangent integrals in Table 2, and the Clausen and associated Clausen
functions in Tables 3 and 4. '

Much recent work has been done toward providing efficient algorithms
for the numerical computation of polylogarithms. Computational methods
as such are not within the scope of this book, but in Section B.3 the reader
will find some references to recent work in this field. There are also some
recent calculations by Fornberg and Koélbig on the location of the complex
zeroes of the polylogarithms.

A.4.2. The relation Li (—x)=2'""Li,(x?)—Li,(x) extends the tables to
negative values as far as x=1. For larger values the inversion relation
should be used. For the first four functions this equation gives, for positive
xs

Liy(—x)=—a%/6—1log?(x)—Li,(—1/x),
“Liy(—x)=—7?/6log(x)— : log*(x)+Lis(—1/x),

2
Li (—x)=—77*/360— 11’5 log2(x) — £ log*(x) —Liy(— 1/x),

T A 1 5 :
360 log(x)— 36 log”(x)— 55 log”(x)+Lis(—1/x).

The values of the constants may be obtained via the tables by using the
value x=1.

For n=2 the value of Li,(—x) may be obtained from the values of
Li,(x,#) in Table 5 with #=180°.

Lig(—x)=—
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